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Within the framework of 2D or 3D linear elasticity, a general approach based on the superposition prin-
ciple is proposed to study the problem of a ﬁnite elastic body with an arbitrarily shaped and located
inclusion. The proposed approach consists in decomposing the initial inclusion problem into the problem
of the inclusion embedded in the corresponding inﬁnite body and the auxiliary problem of the ﬁnite body
subjected to the appropriate boundary loading provided by solving the former problem. Thus, our
approach renders it possible to circumvent the difﬁculty due to the unavailability of the relevant Green
function, use various existing solutions for the problem of an inclusion inside an unbounded body and
clearly makes appear the ﬁnite boundary effects. The general approach is applied and speciﬁed in the
context of 2D isotropic elasticity. The complex potentials for the problem of an inclusion in an inﬁnite
body are given as two boundary integrals, and the boundary integral equation governing the complex
potentials for the auxiliary problem is provided. In the important particular situation where a ﬁnite body
with an arbitrarily shaped and located inclusion is circular, the exact explicit expressions for the complex
potentials are derived, leading to those for the strain, stress and Eshelby’s tensor ﬁelds inside and outside
the inclusion. These results are analytically detailed and numerically illustrated for the cases of a square
inclusion placed concentrically, and a circular inclusion located eccentrically, inside a circular body.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
When a stress-free strain, called an eigenstrain, is prescribed
over a subdomain of a two-dimensional (2D) or three-dimensional
(3D) elastic body, the subdomain is referred to as an inclusion. This
notion of inclusion was ﬁrst introduced by Eshelby in his seminal
work (Eshelby, 1957) and then rendered popular by Mura in partic-
ular through his well-known treatise (Mura, 1982). The so-called
Eshelby’s inclusion problem consists in determining the strain
and stress ﬁelds over the elastic body in which an inclusion under-
goes a prescribed eigenstrain, and it is of crucial importance to
many branches of mechanics and materials science. Indeed, the
inclusion problem is directly or indirectly involved, for example,
in the analysis of stresses induced by thermal expansion and
shrinkage, hydric dilatation and contraction, crystal growth, phase
transformations, dislocations and plastic deformations, in the esti-
mation of the effective properties of composite materials and in the
inverse identiﬁcation of inhomogeneities and material properties
(see, e.g., Mura et al., 1988; Ammari and Kang, 2007). More recently,ll rights reserved.
Advanced Study, Nanchang
Qi-Chang.He@univ-paris-est.the inclusion problem has been seen to play an important role in
modelling nanomaterials and nanostructures such as quantum dots
and quantum nanowires. In this regard, we refer to the review arti-
cles of Maranganti and Sharma (2006) and Duan et al. (2008) where
a rather comprehensive list of references can be found.
The majority of the works reported in the literature in relation
to the inclusion problem use Eshelby’s solution for an elliptic or
ellipsoidalinclusion embedded in an inﬁnite elastic homogeneous
body (Eshelby, 1957, 1959, 1961). The most remarkable feature
of Eshelby’s solution is that the strain and stress ﬁelds inside the
elliptic or ellipsoidal inclusion are uniform. This feature, which
makes Eshelby’s solution very convenient and attractive, is how-
ever conditioned by two assumptions: (i) the inclusion is elliptic
or ellipsoidal; (ii) the ambient body is unbounded. In many situa-
tions of practical interest, these two assumptions turn out to be
too limitative. Indeed, in real applications, an inclusion is rarely
elliptical or ellipsoidal and exhibits a geometrical form often un-
able to be approximated as an ellipse or ellipsoid with an accept-
able error. In addition, the body in which an inclusion is located
is never inﬁnite and may be not large enough to be approximated
as being inﬁnite in comparison with the size of the inclusion, so
that the effects of the geometrical location and size of the inclusion
are no longer negligible (Weng, 1990; Kirchner and Ni, 1993; Sauer
et al., 2008). Thus, there is a real need for the relaxation or removal
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solution.
In the last 15 years, successful efforts have be made to remove
the hypothesis about the elliptic or ellipsoidal shape of an inclu-
sion while retaining the assumption concerning the unbounded-
ness of its ambient body (see, e.g., Rodin, 1996; Ru, 1999; Ru,
2000; Ru, 2003; Pan, 2004; Zheng et al., 2006; Zou et al., 2010,
2011a,b; Zou, 2011). A number of quite general results have been
found. For example, Zou et al. (2010) have recently obtained the
exact and explicit analytical expressions of Eshelby’s tensor ﬁeld
for a wide class of non-elliptic inclusions in the context of 2D elas-
ticity. In comparison, the attempts made to relax the assumption
that the ambient body is inﬁnite, even though going back to the
works of Kinoshita and Mura (1984) and Kröner (1986, 1990),
seem to be much less, and the results obtained appear to be much
more restrictive. Among the works having been dedicated to the
problem of an inclusion in a ﬁnite body, the ones of Li and his
co-workers (Li et al., 2005; Wang et al., 2005; Li et al., 2007a; Li
et al., 2007b) are probably the most signiﬁcant (see also Luo and
Weng, 1987). Considering a circular inclusion concentrically
embedded inside a circular body in the 2D case (Li et al., 2005;
Wang et al., 2005) and a spherical inclusion concentrically inserted
into a spherical body in the 3D, Li and his co-authors have given an
exact closed-form solution for the so-called Dirichlet–Eshelby or
Neumann–Eshelby tensors depending on which of the displace-
ment-free and traction-free boundary conditions is imposed on
the outer boundary of the circular or spherical body. Recently,
Gao and Ma (2010) Ma and Gao (2011) have extended the works
of Li and his co-authors from classical linear elasticity to a strain
gradient elasticity theory. Liu (2010) has studied the 2D periodic
inclusion problem and expressed the solution to this problem in
terms of Cauchy-type integrals. Mejak (2011) has investigated
the problem of an inclusion whose geometrical form and orienta-
tion are such that it can be axisymmetrically placed within a ﬁnite
spherical body. He has given some general mathematical results
about the problem and presented a power series solution for
Eshelby’s tensor when the inclusion reduces to being spherical.
One of themain difﬁcultiesmet in dealingwith the problemof an
inclusion inside a ﬁnite body is due to the unavailability of the corre-
spondingGreen function. In fact, if the latter is available, the solution
to the inclusion problem is formally provided by an integral deﬁned
over the inclusion. Otherwise, when the Green function is lacking,
the inclusion is governed by an integral equation to be solved. Hav-
ing recognized this point, Li and his co-authors (Li et al., 2005; Li
et al., 2007a) have circumvented the unavailability of Green’s func-
tionbyusing some symmetry andgrouparguments inherent to their
speciﬁc inclusion problem to construct a resolution procedure for
analytically solving the resulting Fredholm-type integral equations.
However, once the center of a spherical inclusion deviates from that
of the spherical body inwhich it is embeddedorwhen anon-circular
or non-spherical inclusion is concerned, the symmetry and group
arguments of Li andhis co-authors fail to hold. A fortiori, themethod
of Li and his co-authors is no longer valid if two or more inclusions
are involved.
The work reported in this paper aims at making a substantial
contribution to solving the problem of arbitrarily shaped and lo-
cated multiple inclusions in a ﬁnite body. It consists of two parts.
The ﬁrst part is dedicated to elaborating a general approach. In
the context of 2D or 3D elasticity and based on the superposition
principle, the general approach constructed consists in: (i) splitting
the problem of n inclusions in a ﬁnite body into n problems of a
single inclusion in the same body; (ii) further decomposing the
problem of a single inclusion in the ﬁnite body into the problem
of the inclusion inside the corresponding unbounded body and
the auxiliary problem of the ﬁnite body subjected to the appropri-
ate boundary conditions provided by solving the former problem.The general approach we propose has the following advantages:
(a) it offers the possibility of exploiting various available solutions
for the problem of an inclusion embedded in an inﬁnite body; (b) it
allows us to clearly identify the bounded boundary effects; (c) it
enables a uniﬁed treatment of the Dirichlet and Neumann bound-
ary conditions prescribed on the outer boundary of a ﬁnite body;
(d) it imposes no restrictions on the number and shapes of inclu-
sions in a ﬁnite body.
In the second part of this work, the general approach elaborated
in the ﬁrst part is applied and detailed in the situation of 2D isotro-
pic elasticity. First, for the problem of an arbitrarily shaped inclu-
sion in an inﬁnite body, we derive the boundary integral
expressions of the complex potentials from which the strain, stress
and Eshelby tensor ﬁelds inside and outside the inclusion can be
determined. Next, we derive the boundary integral equation gov-
erning the complex potentials for the auxiliary boundary problem
of the ﬁnite body. Finally, assuming the latter to be circular, the
potentials for analytically solving the problem in the case of an arbi-
trarily located and shaped inclusion are speciﬁed and the expres-
sions for the corresponding Eshelby’s tensors are explicitly given.
These results are further analytically speciﬁed and numerically
illustrated for the two simple cases which seem not to have been
studied: a square inclusion concentrically embedded and a circular
inclusion eccentrically located within a ﬁnite circular body.
The next sections of this paper are organized as follows. Section 2
presents the aforementioned ﬁrst part of our work while Sections 3
and 4 are dedicated to the second part of our work. In Section 5, a
few concluding remarks are provided.
2. A general method based on the superposition principle
Let X be a ﬁnitedomain in a two-dimensional (2D) or three-
dimensional (3D) Euclidean space. The boundary of X is denoted
by @X. The constituent material of X is linearly elastic homoge-
neous and characterized by its elastic moduli Cijkl. A subdomain
x ofX is now subjected to a uniform eigenstrain ﬁeld eij. The prob-
lem to be solved is the determination of the displacement ﬁeld ui
over X due to eij and hereafter referred to as Eshelby’s problem
of an inclusion in a ﬁnite domain.
We ﬁrst formulate the problem under investigation. If the
boundary @X ofX is free of displacements or tractions, the govern-
ing ﬁeld equations and boundary conditions can be written as
Cijkluk;lj ¼ Cijklepkl;j in X; Mijuj ¼ 0 on @X ð1Þ
with
epkl ¼ eklvx; ð2Þ
Mij ¼
dij if @X is free of displacements;
Cilkjnl@k if @X is free oftractions:

ð3Þ
Above, vx is the characteristic function of x, namely, vxðxÞ ¼ 1 for
x 2 x and vxðxÞ ¼ 0 for x R x. The central difﬁculty in solving
Eshelby’s problem (1) of an inclusion x in a ﬁnite domain X comes
from the fact that no explicit expression is available for the relevant
Green’s function. This difﬁculty is circumvented by constructing a
general approach based on the superposition principle.
Owing to the linearity of the problem (1), the superposition
principle is applicable. More precisely, the displacement ﬁeld ui
verifying (1) admits the decomposition
ui ¼ uai þ ubi ; ð4Þ
where the displacement ﬁelds uai and u
b
i satisfy the following
respective equations
Cijkluak;lj ¼ Cijklepkl;j in X;Mijuaj ¼ gi on @X; ð5Þ
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with gi being an arbitrary function deﬁned on @X.
Next, we show that, with the help of (4) together with (5) and
(6), the solution to Eshelby’s inclusion problem in a ﬁnite domain
can be obtained by using the solution to the corresponding Eshel-
by’s inclusion problem in the inﬁnite domain X1 containingX and
by resolving an appropriate auxiliary boundary value problem.
In fact, let the inclusion x embedded in an inﬁnite domain X1
be subjected to the same uniform eigenstrain ﬁeld eij as above. The
solution u1i to this classical Eshelby inclusion problem is assumed
to be known. If we pose
uai ¼ u1i ð7Þ
and if ubi is the solution to the auxiliary boundary value problem for-
mulated by
Cijklubk;lj ¼ 0 in X; Mijubj ¼ Miju1j on @X; ð8Þ
then the displacement ﬁeld ui provided by (4) yields the solution to
Eshelby’s inclusion problem in the ﬁnite domainX, as illustrated by
Fig.1.
From the foregoing analysis, we see that, under the condition
that u1i is available, Eshelby’s problem of an inclusion x in a ﬁnite
domain X can be ultimately reduced to the boundary value prob-
lem (8). The interest of this reduction resides in the fact the latter
is easier to be tackled than the initial problem (1) in a number of
situations. This will be demonstrated in the next sections within
the framework of 2D elasticity.
Concerning the availability of u1i , some comments are in order.
First, when the inclusion x is elliptic in the 2D case and ellipsoidal
in the 3D case, the solution u1i was provided in the seminal work of
Eshelby (1957) and Eshelby, 1959 (see also Mura, 1982). Second,
whenx is polyhedral in the 3D situation, an algorithmic procedure
was suggested by Rodin (1996) and a closed-form solution of u1i
was given by Nozaki and Taya (2001) within the framework of
classical linear elasticity and by Gao and Liu (2012) using a
strain-gradient elasticity theory. Third, in the 2D case, u1i was ob-
tained by Zou et al. (2010) for a variety of non-elliptic inclusions
including those which are polygonal and describable by Laurent’sFig. 1. Eshelby’s problem of an inclusion x in a ﬁnite domain X is decomposed into Es
subjected to Miju1j on its boundary @X.polynomials. For more references about u1i , we refer to the recent
paper of Zou et al. (2010).
The situation of a ﬁnite number of inclusionsxi ði ¼ 1;2; . . . ;mÞ
in a ﬁnite domain X can be treated by applying the method pre-
sented in this section to each of the inclusions xi solely embedded
in X and by further using the superposition principle. In what fol-
lows, we show how to apply our method in the 2D isotropic case.
3. Solution to Eshelby’s 2D problem of an inclusion in a ﬁnite
domain
3.1. Complex variable method for 2D elasticity
In the context of 2D elasticity, it is convenient to use the com-
plex variable method. Let X be a domain of a 2D space and let be
introduced a 2D system of Cartesian coordinates ðx1; x2Þ and the
complex variable z ¼ x1 þ ix2 with i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
. The material forming
X is linearly elastic and isotropic, so that it is characterized by
Young’s modulus E and Poisson’s ratio m. We use the Kolosov–
Muskhelishvili potentials c and w which are arbitrary analytic
functions (Muskhelishvili, 1953; Lu, 2005; Sadd, 2005). Then, the
displacement and stress components can be expressed in terms
of c and w:
u1 þ iu2 ¼ 12l jcðzÞ  zc
0ðzÞ  wðzÞ
h i
; ð9Þ
r11 þ r22 ¼ 2 c0ðzÞ þ c0ðzÞ
h i
;
r22  r11 þ 2ir12 ¼ 2 zc00ðzÞ þ w0ðzÞ½ ;
(
ð10Þ
e11 þ e22 ¼ j14l c0ðzÞ þ c0ðzÞ
h i
;
e22  e11 þ 2ie12 ¼ 1l zc00ðzÞ þ w0ðzÞ½ ;
8<
: ð11Þ
where ðÞ means the conjugate of a complex variable ðÞ and
l ¼ E
2 1þ mð Þ ; j ¼
3m
1þm ;
3 4m;
(
plane stress;
plane strain:
ð12Þ
The traction vector f ¼ f1 þ if2 on the boundary @X is given byhelby’s problem of the inclusion x in an inﬁnite domain X1 and the problem of X
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ds
cðzÞ þ zc0ðzÞ þ wðzÞ
h i
; ð13Þ
where s is the arc length along @X.
Since under the transformation
cðzÞ ! cðzÞ þ iA1zþ A2; wðzÞ ! wðzÞ þ A3 ð14Þ
with Ai being constants (A1 is real), the stress ﬁeld is invariant and
the displacement ﬁeld undergoes just a rigid displacement shift
u1 þ iu2 ! u1 þ iu2 þ M u1 þ iu2ð Þ with M u1 þ iu2ð Þ ¼ jþ 1ð ÞiA1zþ½
jA2  A3=ð2lÞ, we can, with no loss of generality, choose c and w
such that
c 0ð Þ ¼ w 0ð Þ ¼ Imc0 0ð Þ ¼ 0: ð15Þ
The stress ﬁeld obtained by (10) satisﬁes the equilibrium equa-
tions automatically. So, what it remains to do is to ﬁnd the poten-
tials c and w leading to the displacement and stress ﬁelds
compatible with the prescribed boundary conditions.
3.2. Potentials for Eshelby’s inclusion problem in an inﬁnite domain
The displacement ﬁeld in an inﬁnite domain X1 associated to a
uniform eigenstrain ﬁeld eij imposed over a subdomain x of X
1 is
provided by
up1 ¼ e11x1 þ e12x2
 
vx; up2 ¼ e22x2 þ e12x1
 
vx ð16Þ
which can be recast into the complex form
up1 þ iup2 ¼
jþ 1
16l
C1z C2z
 
vx ð17Þ
with C1 and C2 deﬁned by
C1 ¼ 8ljþ 1 e

11 þ e22
 
; C2 ¼ 8ljþ 1 e

22  e11 þ 2ie12
 
: ð18Þ
The potentials delivering (17) are simply
cpðzÞ ¼ jþ 1
8 j 1ð ÞC1v
xz; wpðzÞ ¼ jþ 1
8
C2vxz: ð19Þ
Denote by cþðzÞ;wþðzÞ, cðzÞ and wðzÞ the complex potentials de-
ﬁned inside and outside the inclusion x, from which we can derive
the elasticdisplacement and stress ﬁelds induced by the eigen dis-
placement ﬁeld speciﬁed by (17). The displacement and traction
continuities across the inclusion boundary @x imply that
jc tð Þ  tc0 tð Þ  w tð Þ ¼ jcþ tð Þ  tc0þ tð Þ  wþ tð Þ
þ jþ 1
8
C1t  C2t
 
; ð20Þ
c tð Þ þ tc0 tð Þ þ w tð Þ ¼ cþ tð Þ þ tc0þ tð Þ þ wþ tð Þ; ð21Þ
where t 2 @x and use has been made of (9), (17) and (13). Combin-
ing (20) and (21) yields
cþ tð Þ ¼ c tð Þ 
1
8
C1t  C2t
 
with t 2 @x: ð22Þ
Eq. (22) is a particular case of the Privalov or Riemann–Hilbert prob-
lem (Henrici, 1986; Ablowitz and Fokas, 2003). So, assuming that
@x is a simple, closed, regular and positively oriented curve, and
noting that the jump term nðtÞ ¼ ðC1t  C2tÞ=8 in (22) is continuous
and satisﬁes the condition n tð Þ  n sð Þj j 6 H t  sj jwithH > 0 on @x,
it can be shown that the solution to (22) is the boundary integral
c1ðzÞ ¼ 
1
16pi
I
@x
C1t  C2t
t  z dt: ð23Þ
The potential c1 in this formula and the potential w1 to appear be-
low are those for Eshelby’s inclusion problem in an inﬁnite domain
X1.The derivative of c1ðzÞ is provided by
c01ðzÞ ¼ 
1
16pi
I
@x
C1dt  C2dt
t  z : ð24Þ
By the same arguments as the ones used to obtain the equivalence
between (22) and (23), it follows from (24) that
c0þ tð Þ ¼ c0 tð Þ 
1
8
C1  C2 d
t
dt
 	
; t 2 @x: ð25Þ
Substituting (25) into (21) yields
wþ tð Þ ¼ w tð Þ þ
1
8
2C1t  C2t  C2t d
t
dt
 	
; t 2 @x ð26Þ
or equivalently
w1ðzÞ ¼
1
16pi
I
@x
2C1tdt  C2tdt  C2tdt
t  z : ð27Þ
Formulae (23) and (27) provide the potentials for solving Eshel-
by’s problem of an arbitrarily shaped inclusion in an inﬁnite do-
main. To the best of our knowledge, they have never been
reported in the literature.
Applying (10) and (11) with c and w replaced by c1 and w1, we
obtain the corresponding expressions of the stress and strain ﬁelds
inside and outside x:
r111 þ r122 ¼
2l
j 1 ðe
1
11 þ e122Þ
¼ 1
2
C1vx  C28pi
I
@x
dt
t  zþ
C2
8pi
I
@x
dt
t  z ; ð28Þ
r122  r111 þ 2ir112 ¼ 2lðe122  e111 þ 2ie112Þ ¼ 
1
4
C2vx
þ C1
4pi
I
@x
dt
t  z
C2
8pi
I
@x
t  zð Þdt
t  zð Þ2
: ð29Þ
From these two formulae and the deﬁnition (18) of C1 and C2, we
can easily deduce the expression of Eshelby’s tensor S1ijkl deﬁned by
epij þ e1ij ¼ ðIijklvx þ S1ijklÞekl; ð30Þ
where Iijkl are the components of the fourth-order identity tensor.
3.3. Potentials for the auxiliary boundary value problem
In agreement with the general method presented in Section 2,
the potentials for Eshelby’s problem of an inclusion x in a ﬁnite
domain X admit the decompositions
c ¼ c1 þ cb; w ¼ w1 þ wb; ð31Þ
where c1 and w1 are the potentials determined by (23) and (27)
while cb and wb are the potentials to be found for the auxiliary
boundary value problem formulated by (8). Now, we proceed to
establish the equations governing the potentials cb and wb.
First, considering the auxiliary boundary value problem (8) with
Mij ¼ dij, the Dirichlet boundary condition is concerned and takes
the form
jcb sð Þ  sc0b sð Þ  wb sð Þ ¼ jc1 sð Þ þ sc01 sð Þ þ w1 sð Þ; ð32Þ
where s 2 @X and use has been made of (9). Next, if we are con-
cerned with the problem (8) where the tractions fb on @X are equal
to the tractions f1 derived from c1 and w1 by (13), then the Neu-
mann boundary condition is in question and can be expressed by
i d
ds
cb sð Þ þ sc0b sð Þ þ wb sð Þ
h i
¼ i d
ds
c1 sð Þ þ sc01 sð Þ þ w1 sð Þ
h i
ð33Þ
Fig. 2. Illustration of an arbitrarily shaped and located inclusion x in a circular
domain X.
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cb sð Þ þ sc0b sð Þ þ wb sð Þ ¼ c1 sð Þ  sc01 sð Þ  w1 sð Þ; s 2 @X:
ð34Þ
Introducing an auxiliary function
g s;gð Þ ¼ gc1 sð Þ þ sc01 sð Þ þ w1 sð Þ ð35Þ
with g ¼ j for the Dirichlet case and g ¼ 1 for the Neumann case,
then the boundary conditions (32) and (34) can be conveniently
written in a single form:
gcb sð Þ  sc0b sð Þ  wb sð Þ ¼ g s;gð Þ; s 2 @X: ð36Þ
Substituting the expressions (23) and (27) into (35), we obtain
g s;gð Þ ¼ 1
16pi
C2
I
@x
t  s
t  sdt  2C1
I
@x
tdt
t  s gC2
I
@x
t
t  s dt
 	
:
ð37Þ
Since the potentials cb and wb are analytical, there exists a function
/ deﬁned on @X such that (Muskhelishvili, 1953, p. 408; Lu, 2005, p.
53)
cbðzÞ ¼
1
2pi
I
@X
/ tð Þ
t  z dt; ð38Þ
wbðzÞ ¼ 
g
2pi
I
@X
/ tð Þ
t  z dt 
1
2pi
I
@X
t/0 tð Þ
t  z dt: ð39Þ
Then, Eq. (36) can be expressed in the form of a Fredholm-type inte-
gral equation of / (Muskhelishvili, 1953):
g/ tð Þ þ g
2pi
I
@X
/ sð Þd ln t  st  s
 	
þ 1
2pi
I
@X
/ sð Þd t  st  s
 	
¼ g s;gð Þ:
ð40Þ
The left part of (40) for the boundary value problem of plane
elasticity was ﬁrst proposed by Muskhelishvili (1953). Such a
boundary integral equation is suitable for the purpose of carrying
out an analytical or a numerical study, because it involves only a
single function to be determined. The analytical solvability of
(40) depends the geometrical shape of @X.
4. An inclusion in a circular domain
4.1. General solution
Now, we study in detail the important particular case where the
ﬁnite domainX containing an arbitrarily shaped and located inclu-
sion x is circular (Fig. 2). Correspondingly, it is known from
Muskhelishvili (1953) that the solution to (36) is given by
cbðzÞ ¼
1
2pig
I
@X
g t;gð Þdt
t  z  a1z a2; ð41Þ
wbðzÞ ¼ 
1
2pi
I
@X
g t;gð Þdt
t  z 
1
2pig
I
@X
tg0 t;gð Þdt
t  z  a0; ð42Þ
where the constant a1 is calculated by
a1 ¼  12pig g 1ð Þ
I
@X
g t;gð Þdt
t2
ð43Þ
and must be real if no rigid rotation nor resultant moment is as-
sumed to intervene, a0 and a2 are two constants to be determined
by the conditions cb 0ð Þ ¼ wb 0ð Þ ¼ 0.
Without loss of generality, let the center of X coincide with the
origin of a polar coordinate system. Denoting by R the radius of @X,
any point of @X is characterized by s ¼ Reih, so that s ¼ Reih
¼ R2=s. Then, it follows from (37) thatg s;gð Þ¼ 1
16pi
C2
I
@x
ts
tR2=sdt2C1
I
@x
tdt
tR2=sgC2
I
@x
t
tsdt
 !
:
ð44Þ
Inserting (44) into (43) yields
a1 ¼ C1 xj j
4pg g 1ð ÞR2 ; ð45Þ
where xj j is the area ofx. From the conditions cb 0ð Þ ¼ wb 0ð Þ ¼ 0 we
further deduce
a0 ¼  1
8pigR2
I
@x
2C1ttdt  C2ttdtð Þ; a2 ¼ 0: ð46Þ
Accounting for (44)–(46) in (41) and (42) delivers the complex
potentials for solving the auxiliary boundary value problem associ-
ated to Eshelby’s problem of an inclusion x in a circular domain X
of radius R:
cbðzÞ¼
C1z
8gpi
I
@x
tdt
R2zt
C2z
16gpi
I
@x
tz
R2ztdt
C1 xj jz
4pg g1ð ÞR2 ;
ð47Þ
wbðzÞ¼
gC2
16pi
I
@x
zt
R2ztd
tþ C2
16pig
I
@x
2R2zt
 
ttR2
 
R2zt
 2 dt
 C1
8pig
I
@x
2R2zt
R2zt
 2 ttdtþ 18gpiR2
I
@x
2C1ttdtC2ttdtð Þ: ð48Þ
Finally, introducing the expressions (23), (27), (47) and (48) into
(31), we obtain the expressions of the potentials c and w, from
which the displacement, stress and strain ﬁelds inside and outside
an arbitrarily shaped inclusion x can be with no difﬁculty derived
by applying formulae (9), (10) and (11). It is remarkable that all
the formulae (23), (27), (47) and (48) do not use any Green function
and involve only some curvilinear integrals along the boundary @x
of x. In addition, the solutions for the problems with the Dirichlet
and Neumann boundary conditions are written in a uniﬁed way.
For later use, we compute the stress and strain ﬁelds by insert-
ing (47) and (48) into (10) and (11):
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2l
j1ðe
b
11þeb22Þ
¼Re C1
4pig
I
@x
R2tdt
R2zt
 2þ C28pig
I
@x
2R2zR2tz2t
R2zt
 2 dt
2
64
3
75
 C1 xj j
pg g1ð ÞR2 ; ð49Þ
rb22  rb11 þ 2irb12 ¼ 2lðeb22  eb11 þ 2ieb12Þ
¼ C1R
2z
2pig
I
@x
ttdt
R2  zt
 3 þ C2R
2z
4pig
I
@x
R2  tt
R2  zt
 3 dt
þ gC2
8pi
I
@x
R2tdt
R2  zt
 2 þ C28pig
I
@x
3R2  zt
 
tt  R2
 
R2  zt
 3 tdt
 C1
4pig
I
@x
3R2  zt
R2  zt
 3 tt2dt: ð50Þ
We can verify that all the terms in the expressions (49) and (50) of
the stress and strain components vanish when R !1. In others
words, the stress and stress corrections due to the ﬁnite boundary
effects disappear when the ambient body becomes inﬁnite.
Recalling the deﬁnition (18) of C1 and C2 and using (49) and
(50), we can easily ﬁnd the expression of the fourth-order tensor
Sbijkl deﬁned by ebij ¼ Sbijkleij. The Eshelby’s tensor Sijkl deﬁned by
epij þ e1ij þ ebij ¼ Sijklekl is given by
Sijkl ¼ Iijklvx þ S1ijkl þ Sbijkl: ð51Þ
How to obtain S1ijkl has been thoroughly discussed in Zou et al.
(2010). In Appendix A.1, the general expressions of S1ijkl and S
b
ijkl
are presented.
4.2. A concentric square inclusion
As an example of the application of the method and results pre-
sented in this paper, we consider a square inclusion x which is
embedded in a circular domain X of radius R, whose side length
is equal to 2a with
ﬃﬃﬃ
2
p
a < R and whose center coincides with that
of X (Fig. 3). With no loss of generality, the coordinate system is
chosen so that the four vertices of x are deﬁned by
ðt1; t2; t3; t4Þ ¼ ða ia; aþ ia;aþ ia;a iaÞ: ð52Þ
Applying formulae (23) and (27) and carrying out the corresponding
curvilinear integrals, we obtain the potentials:Fig. 3. A square inclusion x in a circular domain X.c1ðzÞ ¼
C2a
8pi ln
z2  2a2  2iaz
z2  2a2 þ 2iazþ
C2a
8p ln
z2 þ 2a2  2az
z2 þ 2a2 þ 2az
þ C2z
8pi
ln
z2 þ 2ia2
z2  2ia2 þ
C2z
4
vx2  vx1ð Þ  C1z
8
vx; ð53Þ
w1ðzÞ¼
2C1þC2
8pi
aln
z22a22iaz
z22a2þ2iazþ
2C1C2
8p
aln
z2þ2a22az
z2þ2a2þ2az
þ C1z
4pi
ln
z2þ2ia2
z22ia2
C2z
8
vxC2z
8
vxþC1z
4
vx2 vx1ð Þ: ð54Þ
In the foregoing expressions, vx2 and vx1 are the characteristic
functions of the sub-domains x1 and x2 of x shown by Fig. 3.
The potentials cb and wb for the auxiliary problem (8) are pro-
vided by invoking (47) and (48) and making the relevant curvilin-
ear integrals:
cbðzÞ¼
2C1þC2
8pig
aln
R42a2z22iR2az
R42a2z2þ2iR2azþ
2C1C2
8pg
aln
R4þ2a2z22R2az
R4þ2a2z2þ2R2az
þ 1
8pig
2C1
R2
z
þC2z
 !
ln
R4þ2ia2z2
R42ia2z2
C1a2z
pg g1ð ÞR2 ; ð55Þ
wbðzÞ¼
C2R
2
8piz
g1
g
 	
ln
R4þ2ia2z2
R42ia2z2þ
gC2a
8pi
ln
R42a2z22iR2az
R42a2z2þ2iR2az
þgC2a
8p
ln
R4þ2a2z22R2az
R4þ2a2z2þ2R2az
C2
pg
R22a2
 
R4a2z
R8þ4a4z4 
C1a2
pgz
þ C1R
4
4ipgz3
ln
R4þ2ia2z2
R42ia2z2 ; ð56Þ
where xj j ¼ 4a2.
In Appendix A, the explicit expressions of the matrix compo-
nents S1ijkl and S
b
ijkl of Eshelby’s tensors derived from (53)–(56) are
provided.
If the eigenstrain tensor is isotropic, say eij ¼ 12 edij, we have
C1 ¼ 8le=ðjþ 1Þ and C2 ¼ 0. In this case, the expressions (53)–
(56) can be considerably simpliﬁed, and the elastic displacement
and stress ﬁelds obtained by applying (9) and (10) to (53) and
(56) are speciﬁed by
u1þiu2
4ae= jþ1ð Þ¼
1
4pi
ln
z22a2þ2iaz
z22a2þ2iaz
1
4p
ln
z2þ2a22az
z2þ2a2þ2az
þ z
4pia
ln
z22ia2
z2þ2ia2
j1ð Þz
8a
vx z
4a
vx2 vx1ð Þ
þ a
pgz
 j1ð Þaz
pg g1ð ÞR2þ
j
4pig
ln
R42a2z22iR2az
R42a2z2þ2iR2az
þ j
4pg
ln
R4þ2a2z22R2az
R4þ2a2z2þ2R2azþ
jR2
4pigaz
ln
R4þ2ia2z2
R42ia2z2
 R
4
4ipgaz3
ln
R4þ2ia2z2
R42ia2z2þ
zR2
4pigaz2
ln
R4þ2ia2z2
R42ia2z2 ;
ð57Þ
r11þr22
8le=ðjþ1Þ¼
1
2
vx 1
pg
Im
R2
z2
ln
R4þ2ia2z2
R42ia2z2
 !
 4a
2
pg g1ð ÞR2 ; ð58Þ
r22r11þ2ir12
8le=ðjþ1Þ ¼
1
2pi
ln
z22ia2
z2þ2ia2þ
1
2
vx2 vx1ð Þþ 2a
2
pgz2
 R
4
pigz4
3
2
 zz
R2
 	
ln
R4þ2ia2z2
R42ia2z2þ
4R6a2
pgz2
R2zz
R8þ4a4z4 :
ð59Þ
These results are illustrated in Figs. 4 and 5 with m ¼ 0:3 and
a ¼ 0:4R and in the case where g ¼ 1 and j ¼ 3 4m. In other
words, the traction-free (or Neumann) boundary condition is im-
posed @X and the situation of plane strain is considered. The
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determined to within a rigid-body displacement since the Neumann
boundary condition is in question. As expected, the displacement,
strain and stress ﬁelds exhibit the square symmetry, and the strain
and stress ﬁelds are singular at the four vertices of the square
inclusion.
4.3. An eccentric circular inclusion
As another example of application, we consider a circular inclu-
sion x of radius r inside a circular domain X of radius R. More pre-
cisely, it is described by
t ¼ hþ reiu; ð60Þ
where the eccentric vector h and the angle u are shown in Fig. 6.
The choice of h as being oriented along the horizontal axis i1 is with-
out loss of generality, and the requirement r þ hj j < R is needed for
x to be inside X.
The potentials c1 and w1 determined by (23) and (27) have the
explicit expressions
c1ðzÞ ¼
 C18 zþ C28 h;
 C28 r
2
zh ;
8<
: z hj j < r;z hj j > r; ð61Þ
w1ðzÞ ¼
 C14 hþ C28 z;
 C14 r
2
zh  C28 r
2h
zhð Þ2 þ r
4
zhð Þ3
h i
;
8<
: z hj j < r;z hj j > r: ð62Þ
The potentials cb and wb given by (47) and (48) take the forms
cbðzÞ ¼ 
C1r2z
4g R2  hz
  C1r2z
4g g 1ð ÞR2
 C2r
2z
8g
z2r2
R2  hz
 3 þ hz z2
R2  hz
 2
0
B@
1
CA; ð63Þ
wbðzÞ ¼ 
gC2r2z
8 R2  hz
  C1r2h
4g
hz 2R2
R2  hz
 2  2C1hþ C2h  r24gR2
þ C2R
2r2
8g
3R2r2z
R2  hz
 4 þ 2R
2h 3R2zþ hz2
R2  hz
 3
0
B@
1
CA: ð64Þ
In the case of plane strain with j ¼ 3 4m, we have veriﬁed that
Eshelby’s tensors deduced from (61)–(64) for the Dirichlet ðg ¼ jÞ
and Neumann ðg ¼ 1Þ boundary conditions reduce, when h ¼ 0,
to the results of Li et al. (2005) and Wang et al. (2005).Fig. 4. Scaled displacement ﬁeld in a circular domain containing a centered square inc
(left); 1 mð Þu2=ðreÞ (right).In Appendix A, the explicit expressions of Eshelby’s matrix com-
ponents S1ijkl and S
b
ijkl deduced from (61)–(64) are speciﬁed.
When a uniform isotropic eigenstrain ﬁeld eij ¼ 12 edij is pre-
scribed overx, we have C1 ¼ 8le=ðjþ 1Þ and C2 ¼ 0 as in the last
example. Correspondingly, the expressions (61)–(64) become
much simpler and the elastic displacement and stress ﬁelds are
speciﬁed by
u1þiu2
4re= jþ1ð Þ¼
r
4 zh 18 j1ð Þz2hr þ 2rzh

 
vx
þ
R2rzþrh hz2R2
 
4g R2hz
 2  jrz
4g R2hz
  j1ð Þrz
4g g1ð ÞR2þ
rh
2gR2
;
ð65Þ
r11þr22
8le=ðjþ1Þ¼
1
2
vxR
2r2
g
Re
1
R2hz
 2
2
64
3
75 r2
g g1ð ÞR2 ; ð66Þ
r22r11þ2ir12
8le=ðjþ1Þ ¼
r2 1vxð Þ
2 zhð Þ2
þr
2h
2g
3R2h2R2zh2z
R2hz
 3 : ð67Þ
These results are plotted in Figs. 7 and 8. As in the last example, we
take g ¼ 1 for the traction-free boundary condition imposed on
@X and j ¼ 3 4m for the case of plane strain considered. Besides,
we take m ¼ 0:3; r ¼ 0:3R and h ¼ 0:5R. As expected, the
displacement and stress ﬁelds shown in Figs. 7 and 8 have the
reﬂexion symmetry with respect to the horizontal axis i1.5. Closing remarks
The problem of a ﬁnite body containing an arbitrarily shaped
and located inclusion has been tackled by proposing a general ap-
proach based on an original application of the superposition prin-
ciple. This general approach consists mainly in decomposing the
initial problem posed for a ﬁnite body into a relevant inclusion
problem deﬁned in the corresponding inﬁnite body and an auxil-
iary boundary value problem of the ﬁnite body. The basic idea
underlying this solution strategy which has been shown to be suc-
cessful in circumventing the unavailability of Green function is
likely useful in dealing with other mechanical and physical prob-
lems deﬁned in ﬁnite domains.
The general approach elaborated in this work has been applied
and speciﬁed in the context of 2D isotropic elasticity. In the partic-
ular important case where a ﬁnite body with an arbitrarily shaped
and located inclusion is circular, exact and explicit solutions have
been obtained and illustrated. If two or more than two inclusions
are embedded in a circular body, the resulting problem can be
solved with no difﬁculties by further using the superpositionlusion subjected to a uniform isotropic eigenstrain ﬁeld eij ¼ 12 edij : 1 mð Þu1=ðreÞ
Fig. 5. Scaled stress ﬁelds in a circular domain containing a centered square inclusion sujected to a uniform isotropic eigenstrain ﬁeld eij ¼ 12 edij: (a) ð1 mÞr11=ð2leÞ; (b)
ð1 mÞr22=ð2leÞ; (c) ð1 mÞr12=ð2leÞ.
Fig. 6. A circular inclusion x in a circular domain X.
1634 W.-N. Zou et al. / International Journal of Solids and Structures 49 (2012) 1627–1636principle. In this regard, more involved applications and examples
will be reported in another paper.
A remarkable feature of the present work is that both the
Dirichlet and Neumann boundary conditions are accounted for in
a uniﬁed formulation. This allows avoiding the cumbersomeness
and repetitions appearing in treating them separately.
A spherical inclusion eccentrically embedded in a ﬁnite spheri-
cal body is the 3D inclusion problem we are studying with the help
of the general approach proposed in this work. We hope that an ex-
act explicit or closed-form solution could be obtained for it.
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Appendix A. Expressions for Eshelby’s tensors
A.1. General expressions for Eshelby’s tensor ﬁelds in a ﬁnite circular
domain
In the 2D case, it is convenient to write S1ijkl and S
b
ijkl in a uniﬁed
matrix form (see Zou et al., 2010):
Sijkl
 
¼
S1111 S

1122 S

1112
S2211 S

2222 S

2212
S1211 S

1222 S

1212
0
B@
1
CA¼B1
c0 p1;2 q1;2
p2;2 c1þ2p4 c22q4
q2;2 c

22q4 c12p4
0
BB@
1
CCAB2; ð68Þ
where the superscript  stands for 1 or b;B1 and B2 are two con-
stant matrices deﬁned byB1 ¼ 1jþ 1
j 1 1 0
j 1 1 0
0 0 1
0
B@
1
CA; B2 ¼
1 1 0
1 1 0
0 0 1
0
B@
1
CA; ð69Þ
and the parameters c1; c

2;p
1;
2 , q
1;
2 ;p
2;
2 ; q
2;
2 ;p

4 and q

4 can be com-
pactly expressed through the four complex numbers
c ¼ c1 þ ic2; C1;2 ¼ p1;2 þ iq1;2 ; C2;2 ¼ p2;2 þ iq2;2 ;
C4 ¼ p4 þ iq4: ð70Þ
For the speciﬁcation of S1ijkl, we have
c10 ¼ 
1
2
vx; c1 ¼ 1
4
vx; ð71Þ
C1;12 ¼ C2;12 ¼
1
4pi
I
@x
dt
t  z ; C
1
4 ¼
1
16pi
I
@x
t  zð Þdt
t  zð Þ2
: ð72Þ
These expressions are deduced from (28) and (29). For the determi-
nation of Sbijkl, we have
cb0 ¼ Re
1
4pig
I
@x
R2tdt
R2  zt
 2
2
64
3
75 xj j
pg g 1ð ÞR2 ; ð73Þ
cb ¼ R
2z
4pig
I
@x
R2  tt
R2  zt
 3 dt þ g8pi
I
@x
R2tdt
R2  zt
 2 ;
þ 1
8pig
I
@x
3R2  zt
 
tt  R2
 
R2  zt
 3 tdt; ð74Þ
C1;b2 ¼ 
1
8pig
I
@x
2R2z R2t  z2t
R2  zt
 2 dt; ð75Þ
C2;b2 ¼
R2z
2pig
I
@x
ttdt
R2  zt
 3  14pig
I
@x
3R2  zt
R2  zt
 3 tt2dt; ð76Þ
Cb4 ¼ 0; ð77Þ
which are derived from (49) and (50). The terms in (73)–(77) reﬂect
the bounded boundary effects. We can verify that each of (73)–(76)
tends to zero when R !1.
The formulae given in this subsection hold for an arbitrarily
shaped and located inclusion in a circular domain.
A.2. Explicit expressions for Eshelby’s tensor ﬁelds in a ﬁnite circular
domain containing a square or circular inclusion
For a square inclusion concentrically embedded in a circular do-
main (Fig. 3), the boundary integrals involved in the expressions of
Fig. 8. Scaled stress ﬁelds in a circular domain inside which a circular inclusion is sujected to a uniform isotropic eigenstrain ﬁeld eij ¼ 12 edij: (a) ð1 mÞr11=ð2leÞ;
(b) ð1 mÞr22=ð2leÞ; (c) ð1 mÞr12=ð2leÞ.
Fig. 7. Scaled displacement ﬁeld in a circular domain inside which a circular inclusion is subjected to a uniform isotropic eigenstrain eij ¼ 12 edij : 1 mð Þu1=ðreÞ (left);
1 mð Þu2=ðreÞ (right).
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ijkl given in the last subsection can be explicitly calculated.
Thus, we obtain
c10 ¼ 
1
2
vx; c1 ¼ 1
4
vx; ð78Þ
C1;12 ¼ C2;12 ¼
1
2pi
ln
z2 þ 2ia2
z2  2ia2 
1
2
vx2  vx1ð Þ;
C14 ¼
a2
p
2a2  zz
z4 þ 4a4 
1
8
vx; ð79Þ
cb0 ¼ 
1
pg
Im
R2
z2
ln
R4 þ 2ia2z2
R4  2ia2z2
 !
 4a
2
pg g 1ð ÞR2 ; ð80Þ
C1;b2 ¼ 
4
pg
R2  2a2
 
R2a2z2
R8 þ 4a4z4 
1
2pig
ln
R4 þ 2ia2z2
R4  2ia2z2 ; ð81Þ
cb ¼ R
2
4piz2
g1
g
 	
ln
R4þ2ia2z2
R42ia2z2
4
pg
R2a2
 
R4a2
R8þ4a4z4
þ 32
pg
R22a2
 
R4a6z4
R8þ4a4z4
 2 þ2R
2a2zz
pg
16 R22a2
 
a4z4
R8þ4a4z4
 2 þ 3R
24a2
R8þ4a4z4
2
64
3
75;
ð82Þ
C2;b2 ¼
2a2
pgz2
 4
pgz2
R6a2 R2 zz
 
R8þ4a4z4 þ
R4
pigz4
3
2
 zz
R2
 	
ln
R42ia2z2
R4þ2ia2z2 :
ð83ÞWhen a circular inclusion is eccentrically located inside a circular
domain (Fig. 6), the integration of the boundary integrals in the
expressions of S1ijkl and S
b
ijkl yields
c10 ¼ 
1
2
vx; c1 ¼ 1
4
vx; ð84Þ
C1;12 ¼ C2;12 ¼ 
r2
2
1 vx
z h 2 ; C
1
4 ¼
r4
8
3 2 z hj j
2
r2
 !
1 vx
z h 4 ;
ð85Þ
cb0 ¼ 
R2r2
2g R2  hz
 2  R
2r2
2g R2  hz
 2  r2g g 1ð ÞR2 ; ð86Þ
cb ¼
R2r2zz 3R2 þ 3r2  2hh h i
2g R2  hz
 4  R
4r2z R2raþ 6r2  hh zh i
2g R2  hz
 5
 gR
2r2
4 R2  hz
 2 þ 3R
6r4
g R2  hz
 5  3R
4r2 2R2  2hh 3r2 h i
4g R2  hz
 4
þ R
4r2
2g R2  hz
 3 þ R
2r2
4g R2  hz
 2 ; ð87Þ
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2hz
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B@
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g R2  hz
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